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What is data

Let X be a topological space

X is unknown we want to study it but we can

only collect discrete random samples






















































































What is data

Let X be a topological space
X is unknown we want to study it but we can

only collect discrete random samples
ydata set D E X

What can we learn about X fromD
and how can do we do it without bias






















































































What do I mean about Blas

When the theoretical model is unknown coordinates are not
necessarily meaningful

similarly metrics in data sets are not always justified

choosing a parametergives a partial view






















































































Topology is the cure to all evil
IRONY

When the theoretical model is unknown coordinates are not
necessarily meaningful
coordinate free method

similarly metrics in data sets are not always justified
ignore the quantitative values of distance function
and get information only the nearness of points

choosing a parametergives a partial view
construct summaries of information over whole
domains of parameters






















































































Onthe local behaviour of spaces of natural images
G Carlsson T Ishkhanov V de Silva A Zomorodian 2008

Data 3 3 patches from images
Theycan be seen as points in 9 dimensional space

normalized to have average gray
norm a

the points lay on a 7 sphere
















































Onthe local behaviour of spaces of natural images
G Carlsson T Ishkhanov V de Silva A Zomorodian 2008

Data 3 3 patches from images
Theycan be seen as points in 9 dimensional space

normalized to have average gray
norm a

the points lay on a 7 sphere

usingtopologicaldata analysis they were ableto
find out that thesubspace the data comes from has
the same homology type as the KLEIN BOTTLE

A



How to go from data to a structure
In this case the data set comes with an intrinsic metric
then we can construct a simplicial complex from it

ÉETTIF
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Nerve

let X be a topological space and U Ualaea a covering of X
The nerve of U is an abstract simplicialcomplex with vertex set A
8 190 idk ait A spans a k simplex if Ugo n i n Wak to

the
unknown

OisIITIIII



Nerve

let X be a topological space and U Valaea a covering of X
The nerve of U is an abstract simplicialcomplex with vertex set A
8 190 idk ait A spans a k simplex if Ugo n i n n Wak 0

Theorem
Let X be a topologicalspace U Ualaeaa
ounnttaabblleeooppenncoveringofXs.tU SEA with Std AsUs is either contractible or empty

ThenNCU is homotopy equivalent to X



Let k be a simplicial complex A filtration F is a nested sequence of

strictly increasing subcomplexes of k FK f Fake E Fak K

i

F K Fak Fak Fk E k Fk K



Vietoris Rips filtration
VR YE is a simplicial complex

a B
z ONE BED0 1901 Ak Ait A

O E k if the distance between every

pair of points in a is at most E

OLE Ca Of ECB BEE 2 RE

Cech filtration

Xie is a simplicial complex
8 190 idk ait A a

g
B

z Of LEBED
O Ek if Bath n Bak 0
Bye ballcenteredin x of radius e

I II
2 OLE I Ife E EEECE Es ed Ece

d smallest radius ball that
contains all threepoints



Let k be a simplicial complex A filtration F is a nested sequence of

strictly increasing subcomplexes of k FK f Fake E Fak K

ii
FK Fak Fk Fk E k Fk K

Functoriality of Homology
If f kl and g M simplicial maps then C gof C g f
If y c d c d and y c d Cid chain maps then

H 4.4 H 4 OH 4



Let k be a simplicial complex A filtration F is a nested sequence of

strictly increasing subcomplexes of K F K f Fak f E Fn k k

i É I
F K E K F K E K E K E K K

f f Functriality of Hofology I I
H F K H EK H FK H E K H E K H K



Let k be a simplicial complex A filtration F is a nested sequence of

strictly increasing subcomplexes of K F K f Fak f E Fn k K

F K E K F K E K E K E K K

I 1 I 1 I 1
H F K H EK H FK H E K H E K H K

PERSISTENT HOMOLOGY



Let k be a simplicial complex A filtration F is a nested sequence of

strictly increasing subcomplexes of K F K f Fak f E FnK K

F K E K F K E K E K E K K

I 1 I 1 I 1
H F K H EK H FK H E K H E K H K

PERSISTENT HOMOLOGY

persistence homology module



A discrete persistence module is a pair V a of vector spaces
Vi i e IN and linear maps ai Vi Vit

Vo Vi Vi Vit

Warning This is not necessarily a complex i e ai o ait is not always 0



A discrete persistence module is a pair V a of vector spaces
Vi ie IN and linear maps ai Vi Vit

Vo Vi Vi Vit

Persistence modules form a category

Amorphism of persistence modules 4 V a W b

Vo Uts Vi Viti
Yo I 4 I lif lif
Wo wit Wi Wit

If ti Yi is invertible then U is an isomorphism

The direct sum of persistence modules V a Wb V W a b

Vo Wo FAV Wigs Vitowith



A persistence module is indecomposable if it admits no interesting
direct sum decomposition

if I c V a W b then Va I c

isomorphism W b 0,0

Property
Persistence modules of the following type are indecomposable
for is with i j EIN

Io Its It I It
80 87 T oIFT Tq T o

I
field identity map



A persistence module is indecomposable if it admits no interesting
direct sum decomposition

if I c V a W b then Va I c

isomorphism W b 0,0

Property
Persistence modules of the following type are indecomposable
for is with i j EIN

Io Its It I It
dew of a Tq T o

Titrated



Hi dem Vico and a V Vit
Decomposition Theorem a is isomorphism ti so

Let V a be a temperate module then exists a finite set
of intervals Bar V a ti j ie IN je Nu lo jail and a multiplicity

µ Bar V a IN so that

V a I ici
MjleBarVia

Barcode decomposition
ideal
Proof uses the classificationof freely generated IFIt modules into a free

and torsion part Because there is a lemma saying that
we can always represent a persistence tame module as a

graded module over IF It



or tame

ti dem Vico and a V Vit
Decomposition Theorem a is isomorphism ti so

Let V a be a temperate module then exists a finite set
of intervals Bar V a ti j ien je Nu lo jail and a multiplicity

µ Bar V a IN so that

V a I.to
HjleBarVia

Barcode decomposition

The Barcode decomposition is unique up to reordering of factors

É o it o it it

H

F K EK F K EK EK FK K



Persistent Homology

simplicial
complexes filtration Modules

k
TY

Barcodes

TightF K

example

Rosy
ya
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A simplicialmap f to where f co is a simplex of L such that
dim f o s dim o and if dim 0 0 dim fo o

Let fi k L simplicialmap the fiber of Tel is the set Tif

Tif aek I feal et these are the simplices of k that end up
being faces of the simplex t

Proposition
1 Tf is a subcomplex of K
11 Tf E E inclusion of simplicial complexes

Homology is a functor then UTEL t no Hk Tf
TE T Ts Hk Tf Tf

This is a well known construction in topology a sheaf



Sheaves

simplicial
complexes filtration Modules

k IT
Barcodes

F K yyuci.it

simplicial
complexes 1mm'd's

sheaf
1

cohomology

k y KL SIK H SIKH



L as aposetis a category

Asheaf on a simplicial complex is a functor S I E rect
categoryofvectorspacesover afield

S assigns to each simplex Tel a vector space Jct called the stalk of J over t
inclusion t e t a linearmap SCT ET J T fee restrictionmap

such that the followinghold
identity t t is sent to identity map
associativity t TE T E T S T SCT diagram

I
commutes

SCT
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L as aposetis a category

Asheaf on a simplicial complex is a functor S I E rect
categoryofvectorspacesover afield

S assigns to each simplex Tel a vector space Jct called the stalk of J over t
inclusion t e t a linearmap SCT ET J T fee restrictionmap

such that the followinghold
identity T T is sent to identity map
associativity feet et Sk

SI do'mmrites
SCT

small example

s

y
simplicial complex



Meaningful sheaves

zero sheafassigns the o vectorspace toevery Tel and all inclusions toOmap

EDI
skyscraper ft simplex tel assigns It all inclusions to 0 É

It
simplicial complex

constant sheaf it assigns it to everysimplex and a to every mus

p.jpf4iy.j1
simplicial complex

ftp IIdie



Sheaf Cohomology
To define a cohomology we need to define a cochain complex
For that we need cochaingroups and coboundarymaps

cochaingroupof L withcoefficients in the sheaf 5 is the vectorspace
Ck Lis qhI T

coboundarymap 0s Ck Lif C't lis is the linearcombination I c is Jeet
dimit dimKt

Proposition
Thesequence O L J C'll 5 is a cochain complex

we can define the sheafcohomology of Lwith coefficients in J as H'll 5 KerIm on



Sheaf Cohomology
To define a cohomology we need to define a cochain complex
For that we need cochaingroups and coboundarymaps

cochaingroupof L withcoefficients in the sheaf 5 is the vectorspace
Ck Lis qhI T

coboundarymap 0s Ek Lif C't lis is the linearcombination I c is Jeet
dimit dimKt

Proposition
Thesequence O L J C'll 5 is a cochain complex

we can define the sheafcohomology of Lwith coefficients in J as H'll 5 KerIm on

NOTE
When 5 15 is theconstant sheaf the sheaf cohomology isthe classical simplicialcohomology



Sheaves in the wild
In practice sheaves can be considered as way to encode very complex data structures
without having to build overly complex overfittedmodels

Sheaves are goodforexample to represent time series images andvideos
V samplingsheaf v o v o where v a vector space

stppoffed It subsetAof L is a sheaf whose stalks are V in each cell in A and Oeverywhereelse

Ho sheaf cohomology can be interpreted as the numberof connectedsolutions global sections

of the systemdefined bythe uneartransformations the simplicial structure

some interesting applications

opinion dynamics spectral theory Robert Ghrist Jakob Hansen
topologicalfilters for signalprocessing Georg Essl Michael Robinson
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Opinion Dynamics on sheaves JakobHansenRobertGhrist

K is a graph person

1j
friendship exposition to ideas

COCK S O chains private opinion distribution

C K S I chains pairwise discussion

00 Co C coboundary aggregate of public disagreement

COCK S laplacian average of private disagreement

HOCK is global sections harmonic opinions



Opinion Dynamics on sheaves JakobHansenRobertGhrist

K is a graph g
person

É C friendship exposition to ideas

COCK S O chains private opinion distribution

C K S I chains pairwise discussion

00 Co C coboundary aggregate of public disagreement

COCK S laplacian average of private disagreement

HOCK is global sections harmonic opinions

public agreement



My research

TOPOLOGY BRAIN FUNCTION

EEG

MRI

fI
F t

relative position inspaceaner
I4 yo g y ane e



Topological Data Analysis getting started

ARTICLES
Persistent Homology Theory Practice H Edelsbrunner and D Morozov
Barcodes thepersistent topology ofdata R Ghrist
Topology and data G Carlsson
Highdimensional TopologicalDataAnalysis F Chazal
Persistence theory fromquiverrepresentations to dataanalysis S Oudot

BOOKS
Elementary Applied Topology R Ghrist
Computational Topology an introduction H Edelsbrunner and J L Harer
Topology for computing A Zomorodean

Topological Signal Processing M Robinson



Topological Data Analysis the community
Applied algebraic topology network Youtube channel weekly seminar series

WinCompTop Women in computational topology Googlegroup newsletter

The conferences
ATMCS AlgebraicTopology Methods Computations and science every 2 years

SOCG Symposium on Computational Geometry every year

The journals
Journal of Applied and computational topology
Homotopy Homology and Applications

SIAM Journalof Applied Algebra and Geometry
Discrete and Computational Geometry
Foundations of computational Mathematics



8

The
1

Kiera

T
t

I

my email apatania uvm.edu
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